Abstract-In resource and task allocation problems, reasonable allocation can make full use of the UAVs(Unmanned Aerial Vehicles) and bring massive improvement in efficiency. Specifically, the region distribution policies are studied in this paper. In order to make the workload match the ability of the UAVs, the environment is expected to be divided into several subregions of certain sizes. And the group of UAVs should always keep monitoring the whole region no matter how many UAVs are left, which means that the distribution of the area is supposed to react timely even when some UAVs quit the task. Additionally, for the convenience of single UAV's monitoring, the region of one partition is expected not to be too scattered. Therefore, both the area and the shape of the partition are considered in the partition strategies. In this paper, a power diagram based area partitioning method is proposed to rationalize both the allocation of the areas and the shape of each partition. By adjusting the weights of the partitions and the positions of the generators iteratively, the areas and shapes of the partitions can reach an expected and stable state finally. Simulation results are provided to verify the effectiveness and feasibility of the proposed method.
I. INTRODUCTION
In recent years, the technology of UAVs has attracted much attention [1] - [3] , among which the collaboration of multiple UAVs has been widely studied [4] - [8] . A clear division of responsibilities is the basis of the collaboration of UAVs. Thus, task allocation in collaboration is attracting more and more attention [9] . When UAVs collectively execute such task as persistent monitoring, delivery services, transportation of goods and so on, in order to clarify responsibilities and collaborate orderly, dividing region of responsibility for each UAV is a good choice. The decentralized area partition method is researched widely [10] . In [11] , Bullo et al. propose gossip algorithms which can make the partitions converge to the expected state under mild technical conditions. They establish the compactness of a suitable space of partitions with respect to the symmetric difference metric and the continuity of various geometric maps. Moreover, two convergence theorems on metric spaces depicted by deterministic and stochastic switches are also proved.
Generalized Voronoi diagram is extensively applied in area partitioning and coverage problems. According to different demands of tasks, specific constraints can be set to solve the problems. For a planar environment with a defined density function, to divide the environment into optimal subregions, Patel et al. design a continuous-time distributed policy based on Lloyd algorithm and Voronoi diagram to derive an areaconstrained partition in a convex region [12] . Except for areaconstrained Voronoi cells, range-constrained ones are also studied. In area partition problems for coverage task, the sensors of the robots may have limited range. A distributed algorithm for computation of this range constrained Voronoi cell is described in [13] . Each robot independently constructs corresponding chords within a distance of twice of its sensor circle radius and removes inessential chords through a simple and fast technique.
As for equitable partitioning, Pavone et al. define a cost function to evaluate the degree of equality. Based on equitable and median Voronoi diagrams, gradient descent method is utilized to optimize the weight and position to achieve a equitable partition finally [14] - [15] . Furthermore, Carlsson et al. balance the workload of a collection of vehicles in a connected polygonal region containing a set of obstacles [16] . They divide the environment into compact, connected subregions, each of which contains a vehicle depot and all regions have equal area. For maps denoted by graph, distributed vertex substitution is used in [17] - [18] for locational optimization and equal mass partition. The controller with two-hop communication minimizes the corresponding cost functions and is guaranteed to converge to the locally optimal configuration. In highly dynamic scenarios, Klodt et al. take the minimum spanning tree length as a cost criterion and optimize it in a pairwise manner [19] . The proposed algorithm facilitates a balanced partitioning of workload without central coordination or all to all communication.
In this paper, a power diagram based area partitioning method is proposed for multi-UAVs, which achieves the objective that areas of partitions are assigned in expected proportion by adjusting the weights of partitions and the positions of generators iteratively. Additionally, this flexible method is still effective even when facing special situations such as breakdown of some UAVs. Specifically, the rest UAVs will reassign the environment at once and adjust the area of each partition gradually.
The rest of this paper is organized as follows. Section II sets up the problem and provides notation declarations. The prerequisite knowledge is described in Section III. In Section IV, we introduce the distributed area partitioning policies in two parts: weights of the partitions and position of the generators. Simulation and experimental results are given in Section V. Section VI provides conclusions of this paper.
II. PROBLEM SETUP AND NOTATION DECLARATIONS
This paper aims at solving the problem of unreasonable partition and variation of the UAVs' number in persistent monitoring tasks. On the one hand, the initial partition of the environment is usually improper in area or shape. On the other hand, there are situations that some of the UAVs may break down or get low battery warning. Thus, a novel allocation scheme with the capability to adjust the partitions dynamically is quite necessary.
As seen in Table I , the notations are listed to facilitate the subsequent description. 
III. PREREQUISITE KNOWLEDGE
In this section, some basic knowledge about Voronoi Diagrams and Power Diagrams in the proposed policies is introduced. Voronoi Diagram is widely applied in many fields. More comprehensive treatments can be referred to in [20] . Moreover, the basic flow of the method is given as well. In order to evaluate the divided partition quantitatively, two metrics about the area and shape of the partitions are provided respectively.
A. Voronoi Diagram and Power Diagram
The partition result of Voronoi Diagram depends on the positions of a set of points called generators. The area and shape of each partition are related to the positions of the generator itself and its neighborhoods. Each partition contains and only contains one generator. The main principle is to assign each point to the generator nearest to it. The mathematic expression is: (1) in which · denotes the Euclidean distance and p i is the position of the generator for the i th partition as mentioned above.
Power Diagram is an extension of Voronoi Diagram. In order to relect the difference between the UAVs, equation (2) is revised as follows:
As far as we know, in the Voronoi Diagram, the boundary of two partitions is the perpendicular bisector between these two generators. Actually, the introduced weight w i moves their boundaries parallelly. Specifically, the boundary moves away from the generator when its weight increases, and moves toward the generator otherwise. This principle of Power Diagram is utilized repeatedly in the partition adjustment strategy in Section IV.
B. Basic Flow and Evaluation
According to the Power Diagram aforementioned, the partitions are related to their weights and the positions of the generators. Therefore, the adjustment of partition can be translated into the adjustment of weight w i and the position of the generator p i . By changing these two items of each partition iteratively, the area and shape of partitions can be optimized gradually as depicted in Algorithm 1.
d p max and dw max are the maximum adjustments of positions and weights respectively, which guarantee that the adjustment at each step is acceptable and executable for the robots. It can't be achieved just by changing the gain g w and g p because they are only part of the factors of dw and d p. At the beginning of the algorithm, the difference between S i and S q i may be very large owing to the improper initial distribution of the partitions. If the two control gains g w and g p are set very small to suit the UAVs' ability, the convergence rate will be very slow when the area of the partition is close to the expected area. Hence, it is essential to set the upper limit of adjustment d p max and dw max .
To describe the distribution of the workloads, the mean of the squares of difference between the actual workload h i and expected workload h qi is calculated and recorded to show the Receive messages p j and w j from its neighborhoods.
3:
Divide the environment according to equation 2 based on P and W . 4: Obtain the area S i and workload h i of each partition.
5:
Calculate dw and d p. Update p i and w i . 13 : end while 
where we define the actual workload h i =
S i
S and the expected workload h qi = S qi S . The smaller h v is, the better the partitions are.
Furthermore, considering the convenience of patrol and emergency handling, corridor partition is not satisfying. As a result, the eccentricity of the partition's external ellipse E i is provided to describe the shape of the partition. The better the shape of the partition is, the smaller E i is. The diagrammatic representation is given in Fig.1 . The gray region represents the partition V i . The eccentricity is the ratio of the focal length 2c and the longer axis 2a of the ellipse defined by:
During the process of optimization, the mean of all eccentricity values E are applied to evaluate the shape of the partitions.
Remark 1: Here h v and E are proposed to evaluate the degrees of rationalization for the partition in terms of area and shape quantitatively. For both these two evaluation criterions, the smaller the value is, the better the partition result is. It should be noted that the evaluation criterions are used to reflect the effectiveness of the algorithm rather than to guide the adjustment of the partition. The details of the method for area partitioning are described in Section IV. The values of h v and E can be decreased by the proposed algorithm indirectly but not directly. So during the process of adjustment, the evaluation criterions show an overall downward trend rather than strictly decrease.
IV. DISTRIBUTED AREA PARTITIONING POLICIES
As mentioned above, the problem can be transformed into the optimization of weight w i and the generator position p i . In this section, the area partitioning policies are introduced in Section IV-A and Section IV-B respectively in the aforementioned two aspects.
A. Adjustment Method for Weights of Partitions
Adjustment of the weight is the most direct method to change the distribution of area, since it will move the boundaries between partitions parallelly as seen in Fig. 2 . Obviously, the area of the partition can be enlarged by increasing its corresponding weight. The adjustment quantity is related to its actual area as well as the expected area and limited by the maximum adjustment dw max . The formula for this description is defined as:
It can be concluded that the weight w i will decrease when the actual area is greater than its expected area S qi . The larger S i is, the more w i will minus. Otherwise, the weight w i will increase, and the smaller S i is, the more w i will add.
B. Adjustment Method for Position of Generators
The effect of the generator position on the area of the partition is ambiguous. The adjustment of the generator position mainly facilitates the area partitioning and rationalizes the shape of the partition. To get reasonable shapes of partitions, the generators are expected in a uniform distribution in the whole environment. A group of generators that clumped together in a corner of the environment are very likely to cause panhandle partitions. Thus, the distribution density of the boundaries and generators D q is defined and its gradient is utilized to guide the movement of the generators. That is, make the generator move toward the direction with lower density. Assume the density that each generator produces is in concordance with the Guass distribution. The generator density in the environment D g is the superposition of all the density produced by single generator. Additionally, the boundaries of the environment are taken into consideration as well. The boundary density is represented by D b . The final expression is defined as:
where
Here
denote the geographic coordinate range of the environment, which is a rectangle by default. For regions with more complex boundaries, the boundaries can be transformed into a set of points by discretization. Then the distribution density of the boundaries is approximated to the sum of the distribution density of the discrete points on the boundaries.
According to the principle that the generator should move to the direction with lower density, the negative gradient of the density is used as the basis of adjustment as depicted in the following equation:
Considering the constraint introduced by d p max , the position of the generator p i can be adjusted by the following equation:
V. SIMULATION RESULTS
To reflect the effect of the proposed policies, an environment of 100×100 is set and three simulations are conducted. Simulation I is the comparison results of the proposed algorithm and the method in literature [15] for the situation of 7 partitions. In Simulation II, 3 UAVs are expected to be assigned three partitions with different areas. And Simulation III is to test the reaction of the algorithm when facing emergency.
Simulation I: Fig. 3 is the initial state for 7 partitions. The red asterisks denote the generators of the partitions. Two method are used to achieve an equitable partitioning. The optimization results for the proposed method and the the method of gradient descent proposed in [15] are shown in Fig. 4 . Specifically, the evaluation functions h v and E are plotted in Fig. 5 and Fig.  6 . It is obvious to see that the proposed method is superior to the contrast method in both area and shape. Fig. 7 . In the simulation, the parameters are set as: g w = 30, g p = 50.
Four states including the initial, intermediate, and final states are given in Fig. 7 . a-d respectively. It can be obtained that the partitions are adjusted to a desired area with reasonable shapes. The evaluation of the workload h v and the mean of the partitions' eccentricity E are calculated to reflect the optimization process. As plotted in Fig. 8 -9 , both of them are stabilized to a lower value finally.
Simulation III: Then, in the next group of simulations, the number of UAVs drops from seven to five at one moment. The expected workload of all the partitions is equal here. After 90 steps of adjustment, equitable partitioning for 7 UAVs is realized basically. Then, two of the UAVs break down suddenly. ) and achieve a new equitable partitioning. The simulation result is presented in Fig. 10 . In this simulation, the parameters are set as: g w = 30, g p = 40. Fig. 10 shows four states during the optimization process. From Fig. 10 . a, it can be seen that the initial state is obviously unreasonable. At step 90 (Fig. 10. b) , the seven partitions are adjusted to the expected state. In Fig. 10 . c, the two of the UAVs quit the task and their partitions are taken over by their neighborhoods urgently. Finally, the new equitable partitioning state is shown in Fig. 10 . d. The evaluation of the workload and the mean of the partitions' eccentricity are plotted in Fig.11 and Fig.12 respectively. The values of both evaluations decrease as the adjustment of the partitions. When the two UAVs broken down, the evaluations zoom and then decrease gradually until a new equitable partitioning is completed. A power diagram based area partitioning method is proposed in this paper. The main contributions in the paper are as follows: 1) Distributed control method is applied during the process of adjustment, which brings stronger robustness facing the accident of UAVs.
2) The final state is reached step by step and the step size can be regulated by the control gain g w , dw max , g p and d p max , which means the UAVs can execute their task respectively and adjust their partitions at the same time as long as the adjustment of the partition at each step is within the acceptable range. 3) Instead of studying the equitable partition problem as most literatures related to area partitioning, the case of the heterogeneous UAVs is thoroughly discussed. The expected areas of partitions are free setting, then the subsequent adjustment will approximate the goal distribution gradually. The UAVs can set proper expected area according to their capacity to improve the overall efficiency.
